We construct the QCD equation of state at finite chemical potentials including net baryon, electric charge, and strangeness based on the results of lattice QCD simulations and the hadron resonance gas model. The situation of strangeness neutrality and a fixed charge-to-baryon ratio, which resembles that of heavy nuclei, is considered for the application to relativistic heavy-ion collisions. This increases the values of baryon chemical potential compared to the case of vanishing strangeness and electric charge chemical potentials, modifying the fireball trajectory in the phase diagram. We perform viscous hydrodynamic simulations and demonstrate the importance of multiple chemical potentials for identified particle production in heavy-ion collisions at the RHIC and SPS beam energy scan energies.
Introduction
The properties of the quark-gluon plasma (QGP) have been explored extensively at the BNL Relativistic Heavy Ion Collider (RHIC) and CERN Large Hadron Collider (LHC). One of the discoveries in the collider experiments has been the nearly perfect fluidity of the produced quark matter. This implies that the thermodynamic properties of QCD is relevant in understanding relativistic nuclear collisions.
The equation of state is a fundamental relation among thermodynamic variables. First principle calculations based on the lattice QCD method have been successful in determining the QCD equation of state at vanishing chemical potentials. Such estimations indicate that the quark-hadron transition is a crossover in the zero baryon density limit. On the other hand, the method suffers from the sign problem at finite chemical potentials. The Beam Energy Scan (BES) program is being performed at RHIC and CERN Super Proton Synchrotron (SPS) and also planned at various other collider facilities, seeking experimental insight into the phase structure of QCD, including the conjectured critical point [1] .
We construct the equation of state with net baryon (B), electric charge (Q) and strangeness (S ) using the pressure and susceptibilities of lattice QCD simulations and the hadron resonance gas model [2, 3] . We then use it in hydrodynamic analyses to demonstrate its effects on the description of particle production.
Construction of the equation of state
In our model neos, the equation of state is constructed by connecting the pressure of the Taylor expansion method in lattice QCD to that of a hadron resonance gas on the lower temperature side [2, 4] . The procedure is motivated by the facts that (i) the Taylor expansion is not reliable when the fugacity is large, (ii) the pressure and susceptibilities of lattice QCD and hadron resonance gas show reasonable agreement around and below the crossover temperature and (iii) the hadron resonance gas equation of state is encoded in the Cooper-Frye prescription of fluid particliazation, which is used at the last stage of hydrodynamic evolution.
The pressure in the QCD system with u, d and s quarks is expressed in the Taylor expansion method as
where P is the pressure, T is the temperature, χ B,Q,S l,m,n are the (l+m+n)-th order susceptibilities and µ B,Q,S are the chemical potentials for net baryon, electric charge, and strangeness. P 0 denotes P(µ B,Q,S = 0). We employed the latest results for the pressure and the second-and fourth-order susceptibilities of (2+1)-flavor lattice QCD simulations [5, 6, 7, 8] .
The hadron resonance gas equation of state, on the other hand, is given as
where i is the index of hadron species, g i is the degeneracy, E i is the energy and
the chemical potential of the hadron. Here B i , Q i and S i are the quantum numbers for net baryon, electric charge, and strangeness, respectively. The upper/lower signs are for fermions/bosons. All hadron resonances in the particle data group list [9] with the quark components u, d, s and mass below 2 GeV are considered. The hybrid equation of state is constructed by connecting the two equations of state as
where
based on the chemical freeze-out curve [10] and ∆T c = 0.1T c (0) are used. The procedure yields the equation of state with a crossover. We impose the thermodynamic conditions ∂ 2 P/∂T 2 = ∂s/∂T > 0 and ∂ 2 P/∂µ 2 B,Q,S = ∂n B,Q,S /∂µ B,Q,S > 0 as constraints to the parameters. The Stefan-Boltzmann limit is used to regulate the high-temperature behavior of the pressure. We phenomenologically introduce χ B 6 , χ B,Q 5,1 , and χ B,S 5,1 , which are most relevant among the sixth-order susceptibilities to n B , n Q , and n S , in the QGP phase to ensure that they are smooth functions of T and µ B and that the connection preserves the results of the hadron resonance gas model below T c .
Numerical results
We consider three conditions (i) µ S = µ Q = 0 (neos B), (ii) n S = 0 and µ Q = 0 (neos BS) and (iii) n S = 0 and n Q = 0.4n B (neos BQS) for the equation of state. The first is the conventional case where only a net baryon chemical potential is considered, the second is the case with the strangeness neutrality condition, and the third is the case that also takes into account the charge-to-baryon ratio in heavy nuclei. Note that the colliding nuclei do not have net strangeness and the proton-to-nucleon number ratio is 0.401 for 197 79 Au and 0.394 for 208 82 Pb. The conditions can be violated in the presence of initial fluctuation or diffusion processes. The pressure as a function of the temperature and baryon chemical potential for neos B is shown in Fig. 1 (a) . The pressure is a monotonically increasing function of T and µ B . The s/n B ratio is approximately fixed when the entropy and net baryon number are conserved and thus its trajectory shows the typical probe region for each collision energy. s/n B = 420, 144, 51 and 30 correspond to √ s NN = 200, 62.4, 19.6 and 14.5
GeV, respectively [11] . One can see that the region of least reliability where µ B /T > 3 above T c tends to be avoided. The strangeness neutrality condition is violated by neos B as seen in Fig. 1 (b) . In neos BS where n S = 0 and µ Q = 0, the pressure is modified at larger µ B near T c as shown in Fig. 1  (c) . The strangeness chemical potential is finite and positive in this case ( Fig. 1 (d) ). In the parton gas limit, this can be understood with the condition for s quark chemical potential µ s = µ B /3 − µ S = 0 when µ Q = 0. Since only u and d can contribute to the net baryon density in the QGP phase, µ B becomes larger for a given T , pushing the fireball trajectories of constant s/n B to larger µ B . This may affect the estimation of baryon diffusion current which is a response to the spacial gradient in µ B /T .
The pressure with the strangeness neutrality condition and the realistic charge-to-baryon ratio is presented in Fig. 1 (e) . Although the change from neos BS to neos BQS is small, it can be important in the interpretation of charged particle production. The electric chemical potential is finite and negative ( Fig. 1  (f) ) reflecting the neutron-rich nature of heavy nuclei, which is interpreted in the parton gas picture as the d quark abundance µ d = µ B /3 − µ Q /3 > µ u = µ B /3 + 2µ Q /3. µ Q becomes positive for proton-rich nuclei.
We next use the equation of state in the hydrodynamic model to estimate the effects of multiple conserved charges on identified particle production in heavy-ion collisions. Numerical results are compared with the experimental data for Pb+Pb collisions at √ s NN = 17.3 GeV at SPS. The initial conditions are calculated using the dynamical Glauber Monte Carlo model [12] . The hydrodynamic model Music [13] is used for the medium evolution with shear viscosity η/s = 0.08 and switched to the UrQMD model [14, 15] at energy density e sw = 0.26 GeV/fm 3 . The particle yields and ratios with three different equations of state are shown in Fig. 2 . One can see that the strangeness neutrality condition visibly improves the quantitative description of the data, especially for the hadrons with strangeness. Thep/p ratio is also improved owing to the aforementioned enhancement in µ B . Introduction of the charge-to-baryon ratio has a small effect, but is essential for understanding charged particle ratios, e.g., π − /π + , which is larger than unity. Our simulations indicate that e sw = 0.16-0.36 GeV/fm 3 is preferred over values outside that range.
Conclusions
We have constructed the QCD equation of state at finite chemical potentials of net baryon, electric charge, and strangeness by matching the results of the lattice QCD method and hadron resonance gas model. We have demonstrated in the hydrodynamic model analysis that the description of particle production is improved in the presence of multiple chemical potentials. Our results imply that the T -µ B -µ Q -µ S space rather π + π − K + K − pp φ ΛΛ Ξ −Ξ+ ΩΩ 10 −2 
